D'yakonov-Perel' (DP) mechanism describes the dynamics of non-equilibrium spin distribution in a two-dimensional (2D) system in the presence of Rashba spin-orbit coupling. In this paper, we study the anisotropy of spin relaxation via the DP mechanism for a 2D semiconductor with an elliptic band structure. Within the effectivemass approximation, the low-energy band structure is described using anisotropic in-plane effective mass of free carriers. Spin relaxation time of free carriers is calculated theoretically using the time evolution equation of the density matrix of a polarized spin ensemble in the strong momentum scattering regime. Results are obtained for scattering potential due to both Coulomb interaction and neutral defects in the sample. We show that the ratio of spin relaxation time in the y-and x-direction within the 2D plane displays a power-law dependence on the effective mass ratio, while the exponent captures the details of the scattering potential. The model is applied to study electron spin relaxation in monolayer black phosphorus, which is known to exhibit significant band structure ellipticity. The model can also predict spin relaxation anisotropy in mechanically strained 2D materials in which elliptic band structure emerges as a consequence of the modification of the lattice constants.
I. INTRODUCTION
The study of non-equilibrium spin relaxation in metals and semiconductors is key in analyzing experimental data and enabling spin-based device applications. For most spinbased technologies, a long spin relaxation time is desirable. However, fast switching may be achieved in certain devices if the spin relaxation time is sufficiently short.
1,2 As such, material systems that allow for spin relaxation engineering are important from a practical standpoint.
Two-dimensional (2D) materials, such as semimetallic graphene and semiconducting black phosphorus (BP), have a weak intrinsic spin-orbit interaction and are expected to have long spin relaxation times, which could allow spin-encoded information to travel macroscopic distances in these materials. Moreover, an external electric field perpendicular to the plane of the 2D materials is an effective method to tune their spin-transport characteristics.
3-6
The literature on the dynamics and transport of nonequilibrium spin in graphene is rich
and well-established as demonstrated in a number of experiments on graphene-based spinvalve devices. 4, [7] [8] [9] [10] Recent experiments have revealed spin relaxation times on the order of a few nanoseconds in graphene. 9, 10 A similar value of spin relaxation time (few nanoseconds)
has also been measured in ultra-thin BP in a recent experiment. 5 Unlike graphene, BP has a highly anisotropic band structure with an elliptic Fermi contour due to its puckered honeycomb structure. Additionally, the effect of mechanical strain on the band structure anisotropy is more pronounced in the case of BP. 11 The anisotropy in the band structure leads to anisotropic momentum relaxation, [12] [13] [14] anisotropic Rashba spin-orbit coupling, 15 and, therefore, anisotropic spin relaxation.
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The goal of this work is to theoretically investigate spin relaxation in intrinsically anisotropic BP as well as other 2D materials in which mechanical strain results in ellipticity of the band structure. Our focus is only on the time-domain dynamics of non-equilibrium homogeneous spin distribution in 2D semiconductors; hence, diffusion terms in spin Boltzmann kinetic equations are not included. Within the D'yakonov-Perel' (DP) theory, spin relaxation occurs due to the scattering-induced motional narrowing of spin precession about the Rashba spin-orbit field which is the result of broken inversion symmetry in the presence of an external electric field. 17, 18 In the motional narrowing regime, stronger momentum scattering leads to longer spin lifetimes. In centro-symmetric structures like BP, the ElliottYafet (EY) mechanism also leads to spin relaxation. Per the EY mechanism, spins flip at momentum scattering events which eventually cause nonequilibrium spin population to relax. 19 Recent experimental studies suggest that the spin relaxation in BP is dominated by the EY mechanism. 5, 20 However, in the presence of external electric fields or with the use of polar substrates required for the deposition of BP thin films, 15 it is important to consider the DP mechanism while evaluating the spin relaxation time in BP. This work focuses on spin dynamics processes in BP monolayers and other anisotropic 2D materials in the presence of symmetry breaking electric fields for which the DP mechanism is relevant. The main result in this paper is that the ratio of in-plane components of spin relaxation time (τ s,yy /τ s,xx ) due to the DP mechanism scales as (m y /m x ) ν where ν is a function of the scattering potential.
Here, m y and m x denote the effective carrier mass in y-and x-direction, respectively. For
Coulomb scatterers ν 0.5 whereas for neutral defects ν 0.5 − 1.5 depending on the range of the potential.
Previous studies present a closed-form solution of the spin relaxation time due to the DP mechanism in isotropic 2D semiconductors. 21, 22 Recently, DP relaxation mechanism in BP was studied using this closed-form solution . 6, 16 Our calculations show that the previous spin relaxation results are not valid in the case of anisotropic 2D semiconductors. The is because the anisotropy in band structure causes momentum scattering to become anisotropic. Hence, the electrons experience different scattering rates in different directions and the spin relaxation rates should be evaluated accordingly. To do so, we consider a general elliptic band structure within the effective-mass approximation. Representing spin polarization with density matrices, we study the spin dynamics via the time evolution equation of the density matrix, which includes spin precession and momentum scattering processes. Finally, solving the time evolution equation in the quasi-static regime where momentum relaxation is much faster than spin relaxation, we calculate the relaxation rate of the total spin polarization.
Calculations are performed in the low temperature regime where only the Fermi level is taken into account. High-temperature effects are not expected to change the anisotropy of spin relaxation. The only effect will be on the absolute values of the spin relaxation time.
5
Also, we ignore any magnetic order emerging at low temperatures.
23

II. THEORY
Starting with the effective-mass approximation, the elliptic conduction band of a 2D
semiconductor in the absence of spin-orbit coupling is described as
where k = k xx +k yŷ is the electron wave-vector, E c denotes the conduction band minimum,
and m x and m y are the effective masses along thex andŷ axes, respectively. For a given energy level E inside the conduction band, the Fermi contour is an ellipse described by
The Fermi contour can also be described in polar coordinates where the magnitude of the in-plane
wavevector is a function of the polar angle θ, i.e.
Assuming that an external electric field is applied along theẑ axis the Rashba spin-orbit Hamiltonian can be written as
is the momentum of electron, m is the mass of free electron, σ is the vector of Pauli matrices, λ R is the strength of spin-orbit coupling which is proportional to the magnitude of the electric field and the proportionality constant depends on the details of crystal structure, and Ω k is the effective Rashba spin-orbit field. Using Eq. 1 we can write Ω k as
To calculate the spin relaxation time due to the Rashba spin-orbit coupling, we follow a similar procedure as in Refs. 21 and 22 for the DP mechanism, but we specifically analyze 2D materials with an elliptic band structure. Contrary to prior works, 6,16 the k-dependent momentum scattering rate is computed explicitly for Coulomb and neutral defect scatterers.
A spin-polarized ensemble described by a k-dependent density matrix ρ k is considered. The time evolution of a spin ensemble in the absence of inhomogeneities and spin drift due to external fields is
where W kk is the probability density of transition between k and k states. The first term on the right-hand side represents spin precession about the effective Rashba field, and the second term represents momentum scattering between incoming wavevector k and outgoing wavevector k . We can decompose the density matrix as ρ k = ρ + ρ k , where ρ is the average of density matrix over different k's of the Fermi contour and ρ k is a small perturbation with zero average, i.e. ρ k = 0. Taking the average of Eq. 3 over the Fermi contour, we obtain
Applying the decomposition to Eq. 3 and dropping the terms containing product of H k and ρ k , we can find the quasistatic value of ρ k , by setting ∂ρ k /∂t to zero, assuming that the momentum relaxation is much faster than spin relaxation. Therefore,
Equations 4 and 5 are coupled and must be solved self-consistently. To do so, first we assume that the average spin polarization is inŝ direction. Therefore, we can write ρ = 1 2 +ŝ · σ.
It can be shown that
Using Eq. 5, we can solve for ρ k iteratively using the following equation:
Plugging ρ k into Eq. 4, we can calculate the rate of decay ∂ρ/∂t or correspondingly dŝ/dt = −ŝ/τ s which results in the spin relaxation time τ s .
The collision sum in the continuum limit becomes an integral, i.e.
where A is the area of the 2D semiconductor. Using Fermi's golden rule, the transition rate is given as
where N is the number of scatterers and k|V |k is the matrix element of the scattering potential V given as
Replacing ψ k (r) with Bloch wave functions A −1/2 e ik·r u k (r), it can be shown that
where neutral defects V (r) = V 0 e −r 2 /2σ 2 we obtain V (q) = 2πσ
, where V 0 is the amplitude of the defect potential, and σ is the effective potential radius. 25 The delta function in W kk reduces the k-space integral to an integral over the Fermi contour. Therefore,
where n = N/A is the density of scatterers and |∂k /∂θ | = k 2 (θ) + (dk(θ)/dθ) 2 . Finally, the average over the Fermi contour in Eq. 4 for a given function f (k) is defined as f = −1 dθ|dk/dθ |f (k), where is the perimeter of the Fermi contour.
III. RESULTS
The behavior of the perturbation density matrix ρ k is examined by calculating the corresponding perturbation in spin. We assume that the initial spin polarization is along thê
x axis by replacingŝ withx in Eq. 6. Therefore, ρ k contains only the σ z component, and the spin perturbation exists only along theẑ axis. That is s z = Tr(ρ k σ z ). Figure 1a illustrates s z over the Fermi contour in the presence of Coulomb potential for two values of anisotropy, i.e. the effective mass ratio m y /m x . The isotropic ρ k , regardless of the scattering potential, is described by the closed-form solution to Eq. 5 that is iτ [ρ, H k ] where τ is a time constant closely related to the momentum relaxation time τ p . 21 As evident from Fig.   1a , the anisotropic curve is very different from the isotropic curve and cannot be described simply by the closed-form solution. Hence, a direct evaluation of Eq. 6 becomes inevitable.
Similarly, in the case of defects, the transition probability W kk is also k-dependent and the anisotropic s z will have the shape of a distorted ellipse (not shown in the figure). We note that s z plotted in Fig. 1a is in atomic units and proportional to λ R 2 r /n i where n i is the density of Coulomb scatterers. As long as the momentum scattering is strong enough, i.e.
(λ R 2 r /n i )(m/a 0 ) 1 or s z 1, the perturbation is much less than the average polarization, i.e. ρ k ρ, and the assumption in deriving Eq. 5 remains valid. In the case of defects, a similar condition holds, i.e. (λ R /n d )(m/a 0 ) 1 where n d is the density of defects.
The effect of band structure ellipticity is further examined in Fig. 1b . In this figure, τ s,αα
denotes the spin relaxation time for an ensemble initially polarized in the direction ofα. We note that spin relaxation rates of the form 1/τ s,αβ for α⊥β are equal to zero; in other words there is no spin dephasing. As the anisotropy increases, the ratio of in-plane spin relaxation time τ s,yy /τ s,xx increases proportional to (m y /m x ) ν where ν is a constant that depends on the details of the scattering potential. Our results show that for Coulomb potential ν 0.5 whereas for neutral defects ν 0.5 − 1.5 depending on the range of the potential σ. We also note that the spin relaxation time is longer in the direction of the heavier effective mass.
The spin relaxation for an ensemble polarized along theẑ axis is always faster than in-plane directions (not shown in the figure). Replacingŝ withẑ in Eq. 6, we can see that ρ k obtains both σ x and σ y components. Therefore, the corresponding spin relaxation rate is the sum of relaxation rates along the in-plane directions, i.e. 1/τ s,zz = 1/τ s,xx + 1/τ s,yy . It is evident that for the isotropic case, i.e. m x = m y we obtain τ s,xx = τ s,yy = 2τ s,zz which has been reported previously in the literature. 21 Figure 1c illustrates the normalized spin relaxation rate 1/τ s,αα as a function of initial polarization directionα for an effective mass anisotropy of m y /m x = 0.1. As expected the spin polarization in the x-direction is preserved longer than other directions.
We apply the calculations to study spin relaxation in monolayer BP due to the DP mechanism. We only consider the conduction band of monolayer BP with effective mass of electrons m x = 1.26m and m y = 0.17m, where m is the free electron mass. 15 We assume that the monolayer is deposited on an hBN substrate 5 with relative permittivity of r = 3.8.
First, we plot the total momentum scattering rate given as 1/τ k = k =k W kk in Fig. 2a .
Here, we use typical values of n i = n d = 10 10 cm −2 , V 0 = 10 eV, 25,26 d = σ = 10a 0 (a 0 is the Bohr radius), and E − E c = 0.1 eV. As seen from the figure, the momentum scattering rate 1/τ k shows a high anisotropy which consequently affects the spin relaxation. Next, we plot spin relaxation rates for initial polarization along thex andŷ axes i.e. 1/τ s,xx and 1/τ s,yy .
Figure 2b depicts the energy dependence of spin relaxation rate which is proportional to λ 2 R 2 r /n i for the Coulomb potential and λ 2 R /n d for defects. The inverse proportionality of spin relaxation rate to n i and n d is the signature of the DP mechanism. The horizontal axis represents energy level relative to the conduction band edge, i.e. E −E c . We can see from the figure that the spin relaxation rate is highly dependent on the energy level. Increasing the energy level by 0.3 eV, raises the spin relaxation rate by few orders of magnitude depending on the scattering potential. These results can also describe the spin relaxation in few layers BP whose band structure is also elliptic with similar anisotropy to that of monolayer BP but with different band gap which is dependent on the number of layers. 27, 28 We note that as the energy changes, the ratio of in-plane spin relaxation times, τ s,yy /τ s,xx , remains constant. For an electric field of 1 V/nm, the Rashba strength of λ R ∼ 1 meV·Å can be achieved. 6 For typical values of n i = n d = 10 10 cm −2 , V 0 = 10 eV, and E − E c = 0. 
IV. CONCLUSION
In conclusion, spin dynamics in a 2D elliptic band structure, such as few-layer Black charged impurity concentration equal to 10 10 cm −2 , we obtain 1/τ s,xx = 7 × 10 9 s −1 and 1/τ s,yy = 3 × 10 10 s −1 . These numbers are comparable in magnitude to those predicted from the Elliott-Yafet mechanism in BP. Our results can be readily used to study the effect of strain on the spin relaxation anisotropy provided that the effective masses m x and m y are known as functions of strain. These results give insight in engineering spin transport media using few-layer BP and other similar 2D semiconductors with elliptic anisotropy.
